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Abstract

Li, Scarsini, and Shaked [8] provide bounds on the distidouand on the tail for func-
tions of dependent random vectors having fixed multivanmageginals. In this paper, we
correct a result stated in the above article and we give iwgardounds in the case of
the sum of identically distributed random vectors. Morgpwee provide the dependence
structures meeting the bounds when the fixed marginals afermaty distributed on the
k-dimensional hypercube. Finally, a definition of a multieée risk measure is given along
with actuariaffinancial applications.
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1 Introduction

In this paper we provide bounds on the distribution and ortahéor functions of
dependent risks having fixed multivariate marginals. Gi@aneasurable function
¥ (R = Rk andk-variate random vectots,, . .., X,, on some probability space
(©, 2, P), with associated distribution functioffs, . . ., F,, we investigate:

my(S) := iNf{P[y(X1,...,Xp) <5 : Xi -~ Fi,1<i<n},seRK (1)
My () := SUAP[Y(X1, ..., Xp) = 8] 1 Xi ~ Fi,1<i<n},seRX (2)

In the univariate casd (= 1) the above problems are equivalent and have received a
considerable interestin the literature, see Embrecht®andetti [4] and references
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therein. On the contrary, the multivariate-marginal getku> 1), which constitutes
a natural framework for risk management, has not been giveshrattention.

In fact, dealing with multivariate marginals causes extrabfems. As shown in
Scarsini [17], the concept @bpula(see Nelsen [12, Def. 2.10.6]) as a tool to gen-
erate distribution functions from a set of marginals, beesimnadequate when deal-
ing with the product of multivariate spaces. Compared touhigariate-marginal
situation, this is a great disadvantage. Indeed # 1 andF4,...,F, are con-
tinuous, then the set af-dimensional copulas is isomorphic to the Fréchet class
&(Fa, ..., Fy,) of distribution functions onK¥)" having such marginals. Moreover,
Genest et al. [7, Prop. A] state that in the multivariate ¢hseonly copula gener-
ating a distribution function ig(F4, ..., F,) for all possible choices of thE;’s is

the independence measuig  F;. This fact guarantees that the above problems at
least make sense. The construction difedent elements if(F4, ..., F,) has been
treated in Cohen [2], Ruschendorf [15], Sanchez Algat&],[Marco and Ruiz-
Rivas [11], while an fort to create a copula-like tool in multivariate spaces has
been made by Li et al. [9].

To our knowledge, Li et al. [8] seems to be the only paper whenends on (1)
and (2) are given. In the following, we correct a result givethe latter paper and
give improved bounds om,(s) and M, (s) for identically distributed risks. While
sharpness of the bounds holds for any set of marginals ontiténcase of the
sum of two random vectors, we derive an explicit solutiongeneral portfolios of
uniformly distributed risks.

Concerning applications in insurance and finance, we giiaition of multivari-
ate Value-at-Risk

2 Preliminaries and fundamental duality results
2.1 Notation

Givenn (row) vectorsxy,..., X, € R¥, x indicates thej-th component of thé-

th vector, fori € N := {1,...,n} andj € K := {1,...,k}. Operations on and
relations between vectors are defined componentwisexe.g. (<) X iff X} <
(<)X, forall j € K. On the contrary, we write; £ (%) X2 whenx) > (=) X}
for somej’ € K. Analogously, &-valued real functionf is increasingif for all

X1, X2 € R¥ with x; < Xo, we havef(x;) < f(x,). Given a distribution functioff,
LY(F) denotes the class of all functioris: R — R which areF-integrable. For a
vectors = (s', ..., s) € R, we use also the notatior, s) := []i_;(—o, §') and

[S, +00) := H'j‘zl[sj, +00). Finally, I stands for the unit interval on the real line and



the indicator function of the s& c RK is the function 3 : R* — {0, 1},

1 ifbeB,
0 otherwise

1a(b) := {

For reason of notational simplicity, throughout the paperuse the notatioxboth
for vectors inRX as well in R¥)"; the appropriate meaning should always be clear
from the context.

2.2 The Main Duality Theorem

On some probability spac€(, P), let Xy, ..., X, be R-valued random vectors
having given distribution functionk;(x;)) = P[X/ < x,j € K],i € N. Givenk
measurable functiong; : R" — R, j € K, we define the functios : (R¥)" — R¥
as follows:

Y(X) = Y(Xe, ., Xn) 1= @10 - X, o (K -, X)),

It will be useful to think aboutX := (Xi,...,X,) as a portfolio of one-period
multivariate insurance or financial risks. In this view, fbhactionys makes sense if
the risksXy, ..., X,, are componentwise homogeneous.

Problems (1) and (2) have a dual counterpart, as stated ira€t@andran and
Ruschendorf [13].

Theorem 1 (Main Duality Theorem) LetX4,...,X,, with n> 1, be random vec-
tors onRX having marginal distribution functionsiF. .., F,.. Then

m(9) = sup{zn: f fdF, : f e LX(F)).i € N with
e 3)
7 i) < L g (W60) for all x (R,

i=1
n

M, (9) = inf{Z ka fdF; : f € LY(F,),i € N with
o (4)
D) 2 Lisec @¥)) for all x € (Rk)”}.

i=1

According to Lindvall [10, (1.1)], we call every random veck® = (X¢,.. ., XS)
with df in §(F4, ..., Fn) acoupling Given a coupling<® and two sets of functions
f = (f,....,f) andg = (91,...,9n) Which are admissible for (3), respectively



for (4), we obviously have that
) <91 > m@ > Y [ fdF, )
1 VR

POOC) > 9] < My(9) < ). [ aidF. ©

i=1

In this case we cafl andg dual choicedor (3), respectively for (4). A coupling and
a dual choice which satisfy (5) ((6)) with two equalities Mak called aroptimal
couplingand adual solution respectively, since they solve problem (1) ((2)).

In the case of identically distributed random vectors, Réntain Gatke and
Ruschendorf [6] can be easily adapted to give the follovaiogpllary.

Corollary 2 (Reduced Duality) Under the assumptions of Theorem 1, let+
F,i € N andyj, j € K be symmetric, i.€/j(X1, ..., %) = ¥j(Xoq), - - - » Xo(n)) for all
permutationsr : N — N. Then

m,(9) = sup[nf fdF : f € LY(F) with

e @)
D 106) < Lwg(60) for all x & X[, suppE) .
i=1

M, (8) = inf{n f fdF : f e L(F) with
Rk

: ®)
(%) > L. (00) for all x € X[, SUpPE).

i=1

The dual formulations (3) and (4) are venfidiult to solve. For increasing func-
tionalsy, solutions under general marginal distributions are knoalg whenk = 1
andn = 2; see Embrechts and Puccetti [4]. ot +, the sum operator, Li et al. [8]
givem,(s) for n = 2 and arbitrark. Finally, whenn > 2, the only explicit solution
known is given in Ruschendorf [14] for the sum of risks umifidy distributed on
the unit interval.

3 Standard bounds

In line with Embrechts and Puccetti [4], we callandard boundshose bounds
obtained by choosingiecewise-constamtual choices in (3) and (4).

Theorem 3 Let X4,..., X, n > 1, be random vectors oR* having marginals
Fi,...,Fn Letys, ..., ¥ : R" — R be increasing in each coordinate and strictly



increasing in the last. Then, for evesy R¥, we have

+

n-1
m(8)z sup | > Fi(u)+Fy(un) -n+1f . 9)
UG(R )n’ |_1
Y(u)ss

where F, (uy,) = P[X,i <ul, j € K].

Proof Fix u € (R)" with y(u) < sand define the function§’, .. ., fY,
A 1 if x<u

frpg = MM XS Gy g
1/n—1 otherwise

ﬁ;‘(x) _ {1/n if X < u.n,
1/n—1 otherwise.
We show thaf" := (Y, ..., f¥) is a dual choice for (3). Sincg™, f' < 3, 1/n=
1, for admissibility it is sificient to show thap, fAi“(xi) < 0 foreveryx € (RA)"
such thay(x) « s. For this, suppose that for sorke)., f(%;) > 0. By definition
of the fUs, this implies thatf!(%) = 1/n for everyi € N, yielding% < u;,i =

1,...n-1andX, < u,. Since they;'s are increasing and strictly increasing in the
last coordinate, we have

W) = a(Zg, . X)L K)
< (Wa(Ud, .. ud), UL U) = w(u) < s,

which proves admissibility off. Substituting the‘Ai“’s in (3) we find

n-1

my(9) 2 1/n[ D UFiW) + (L= WA= Fi(w) + Fa(un) + (1= n)(1 - Fr(uy)
i=1

n—

1
= Z Fi(Ui) + FE(Un) -n+1
i=1

Noting thatm,(s) is non-negative and taking the supremum oveual(R¥)" such
thaty(u) < s, we get (9). O

We give an analogous bound fbdr(s).

Theorem 4 Let X4,...,X,, n > 1, be random vectors oR¥ having continuous
marginals R, ..., Fn. Lety, ...,y : R" — R be strictly increasing in each coor-



dinate. Then, for everye R, we have

My(s) < inf min{l/z
ue(®Rk",
Y(u)<s

n+ Zn:(fi (ui) - Fi(ui))] , 1}, (10)
-1

whereF;(u;) :=P[X) > U, j e K],i e N.

Proof The proofis analogous to that of Theorem 3, with the dualegfdireplaced
by

0 if X <uj, X # U,
f'éx) :={1 ifx>u, JieN.
1/2 otherwise.

Remark 5 The bound given by this theorem can be adapted to non-canttu
marginals by addingl1/2) 3", P[X; = u;] to the first argument of thein operator
in (10).

For generaly;’s, (9) and (10) are diicult to calculate. In the case of the sum of
vectors they reduce to easier expressions, as the folloswample shows.

Example 6 In case ofy; = +, ] € K, we obtain

n-1 n-1 +
m,(s) > sup Z Fi(u) + F, (s— ui] -n+1f, (11)
ul,...,un,leRk i=1 i=1
n-1
M.(s) < inf min{1/2 n+ Z(Ei(ui) - Fi(w))
ul,...,un,leRk "
| (12)

oS ob- 51

Whenn = 2, (11) improves the left-hand side of (2.5) in Li et al. [8]otd that
in that paper distribution functions are defined to be camtirs from below. More-
over, (12) is the correct version of the right-hand side efitst line of Theorem 2.2
in the above reference. In fact, as the following countergda shows, the latter is
not correct.

Example 7 Let X1, X, be bivariate random vectors uniformly distributed on the
unit square, i.eX; «~ U(I?),i = 1,2. For s = (1, 1), the last line of Theorem 2.2



in Li et al. [8] gives

sup  P[Xi+Xz>(1,1)]= inf min{P[X;>u]+P[X;>V], 1}
F(U(12),U(12)) u+v=(1,1)

< P[X1 > (1,0)] + P[X, > (0,1)] = 0.

This is wrong since it is possible to 9¢§ = (1,1) — X; to obtainP[X; + X§ >
(1,1)] = 1. It is not djficult to show that(12) provides the correct value in this
case.

In the univariate case, the bounds stated in Theorems 3 anel dgaivalent and
pointwise best-possible wham = 2; see Riuschendorf [14]. The corresponding
optimal coupling is given in Frank et al. [5].

In the multivariate set-up, the situation istdrent. Theorem 3.3 in Li et al. [8]
states sharpness of (11) for the sum of tkwweariate risks. In the proof of this
theorem, which is based on Strassen [18, Th. 11], the autlmrot actually use
any continuity assumptions on the distribution functior(%f + X,) and their re-

sult holds for general sets of marginals. Note that in equat8.3) in the above
paper the last component inside the supremum shoulB.fle-~,t — a]°); see
also (5) in Ruschendorf [14]. The bound (12), though belrggliest-possible stan-
dard bound, behavesftirently. We show in Section 6 that the latter is not sharp
even whem = k = 2. We also remark that Theorem 11 in Strassen [18] cannot be
applied in this case.

4 Uniform multivariate marginals

In this section, we provide optimal couplings solving peyhk (1) and (2) in the
case of the sum of random vectors uniformly distributed“oihe following theo-
rem explores the case of the sum of two vectors.

Theorem 8 Let X; and X, be random vectors uniformly distributed 8nands
[0, +00). Then

k

m.(9 = |¢. (13)
j=1
kK

M9 = | [@-9). (14)
j=1

where§ := min{[s! — 1]*, 1}, j € K.



Proof First, note that the coupling defined in Example 7 yietd¢1l) = O, where
1:=(1,1). Since we trivially haven,(21) = 1, it sufices to consides € [1, 2]~.

With respect to (13), tak&$ -~ U(I¥) and letXS = F(X$), where the function
F : I — I¥is defined as follows:

X if X <S
F(X) := ~ < S’
1+5S—-x otherwise.

Note thatX$ has univariate marginals uniformly distributed briMioreover, for
j1 # j2, the random variableX5" and X5 depend only orXS" and onX; %,

respectively. Since the latter are independent, the v&Gtés uniformly distributed
onlIX. For everyj € K, we have that

X&) 4

C' i . R C N
; ><CJ-:{2x11<2slssl if X1 < 4,

2 1+8 =g otherwise.

Hencem.(s) < P[X$ + XS < s =[], §. To prove the converse inequality, we
show that the functiorf : R* — R, f(X) := (1/2)1_.5(X) is an admissible choice
for (7). Since & < 1, it is suficient to fix arbitrary vectorgy, x, € I and check
that f (x,) + f(x2) > O impliesx; + X, < s. Under such an hypothesis, it is necessary
that at leastf(x;) = 1/2, say. It follows thaix; < §, implyingx; + X, < §+ 1 =

s. Hence,f is admissible in (7) andn.(s) > 2 [, fdU(I}) = []{_, §. The proof
for (14) follows analogously by choosing the same couplind the dual choice
fiRY SR, f(X) = (1/2)g+0)(X). O

Remark 9 The first part of the above proof is not necessary sii®) is implied
by Li et al. [8, Th. 3.3]. However, ouwoupling-duakpproach avoids complicated
multivariate optimizations.

The following theorem, which we prove in Appendix A, provédagn optimal cou-
pling of more than two risks, hence extending Ruschendatf Th. 1] to the mul-
tivariate set-up.

Theorem 10 Let X4, ..., Xy,1 be random vectors uniformly distributed #hand
se [k k+ 1% Then _
H'j‘zl(k +1-9)

M.(s) = Kl

(15)

Remark 11 Figure 2, right, to be found in Section 5, illustrat€id) for k = 2. It
is important to point out the following remarks.

(i) The optimal coupling for the sum of three vectors uniforngyrdbuted on the
unit square, which is illustrated in Figure 1, is defined by

X§ = X1, X5 = F(X§) andX§ = F o F(X?),



B
X7 X¢ X¢

Fig. 1. Optimal coupling in Theorem 10 whé&nr= 2.
where F: I? — 12,

Fx) = {(—xl - §x2 + s §x1) if x € Ay,

otherwise,

with Ap = (x e 21 32, X < 1},

(ii) In the proof of this theorem, which we give in Appendix A, wansthat an
upper bound on M(s) is available for alls € [0, +c),k > 2 and n > 2.
Unfortunately, it seems fglicult to provide optimal couplings in general di-
mensions.

(i) It seems dficult to find m(s) for the sum of more than two random vectors
even under the uniform-marginal assumption. A lower boundhe latter
value will be computed using Theorem 14 below.

(iv) Note that the optimal coupling defined in the proof of Thed8amsimply the
product of the optimal univariate couplings given in Rieutiorf [14, (10)].
Unfortunately, the same technique does not work for multit@vectors (i.e
k > 2) when n> 3.

5 Non-negative, identically distributed risks

Whenn > 2 and the fixed marginal distributions are not uniform, itiidult to
find m, (s) andM, (s). In Section 3, we used piecewise-constant functions assadm
sible choices to produce so-called standard bounds. If stdatto the case of the
sum of non-negative identically distributed risks, it isspile to findpiecewise-
linear choices yielding improved bounds. Recall from Corollanhattif f, § are
dual choices for (7) and (8), respectively, then we have

m(s)znf fdF, (16)

Rk

M.(s) < n f gdF. (17)
Rk

Theorem 12 Let X4,...,Xn, n > 1, be random vectors o®* identically dis-
tributed as F, a non-negative, continuous distributiondtion. Then, for every



s€ [0, +0), we have

m,(S) > n sup 2 (x)dF(x), (18)
yel0,2s) V[0,+e0)
where
N
f,(¢):=1/n- mln{maxﬂ,l},
eK sl — n'yJ

for fixedy = (y%,...,7*) € [0, 29).

Proof By (16) and considerations above, we have to show thaFthﬁegrable
function f is admissible for problem (7), i.e. that for everye X{_,[0, +o0) we
have thatz,_1 (%) < Lwg(Xits Xi). SinceXil,; £ < n(1/n) = 1, we fixx such
thaty, x; ¢ sand show thal, f:(x) < O. If f;(Xi‘) = 1/n— 1 for somei € N,
thenyL, £:(x) = £;(x) + Xis f;() < 1/n—1+ (n-1)/n = 0. Hence we can

restrict tox; € [1*4[0,s' — (n - 1)y),i € N with 37, x/ > ¢ for some] e K.

Define the sets := {i e N : x) < ¥/, j e K} andl := N\ T and note that

Zn]xi‘?:Zxﬁfozsf.
i=1

iel iel
Sincex! < y! wheni € T, we have that
PRI
iel

Finally, we can write

Zf(x)—n(l/n) Zm%xsj nyj_ Z

i€l SJ nyj
(e X = 111) 1_(si—ll'lyl—uw’)
sl —nyl sl —nyl

The theorem follows from arbitrarinessxk x{' [0, +c0). O

:1 :O

Remark 13 There are several points worth noting regarding this theore

(i) For y tending to(1/n)s, and for the distributions of actuariéinancial inter-
est used in Section 6, tonverges in the sup-norm to an admissible choice
yielding the standard bound 1). Consequently, the dual bou(iB)is always
better ¢&) than(11). In Section 6 we will show that for such distributions it is
actually strictly better £).

10



(i) If F = min{G, ..., G} for a univariate, continuous, non-negative distribution

function G, the support of F is the spt € Rk : x! = ... = x£}; see (27)
in Dhaene et al. [3]. In this special case, fors s° > 0, j € K, (18) reduces
to
m,(s) > n sup fo(X)dG(x), (29)
7°€[0.5) VO
where

Y

f*o(X) — 1/n - [5);__);1;0 if x € [Oa S (n - 1)7/0)7
1/n-1 otherwise.

It is easy to check thgtl9) corresponds to (4.4) in Embrechts and Puccetti
[4]. In fact, under the distribution function F= min{G,...,G} we have
that P[X! = X% j € K] = 1,i € N, implyingP[3; Xi < (,...,s)] =
P|Zi, X! < &°|, which is a univariate problem. Of course, it is also possi-
ble to find(19) by setting k= 1 and ¢ = <°. To this extent, Theorem 12
extends Embrechts and Puccetti [4, Th. 4.2].

Theorem 12 can be used to compute a lower bounthdg) in the case of uniform
marginals. The results of the optimizations are shown i@, left. Our next
theorem gives an upper bound B (s).

29 0.05\0

: \:
- \\\\\\ I \\
: \\\\ | :i\\\

2 2
2 21 22 23 24 25 26 27 28 29 3 2 21 22 23 24 25 26 27 28 29 3

Fig. 2. Level sets for the dual bound (18)mn(s!, s%) (left) and for the functiorl, (s!, s%)
(right) for three random vectors uniformly distributed &e unit square.

Theorem 14 Let X4,...,Xn, N > 1, be random vectors o®* identically dis-
tributed as F, a non-negative, continuous distributiondtion. Then, for every
se [0, +0), we have

M.(s) <n |nf £, (x)dF(x), (20)

7€l0,79 J[0,+00)

11



where

x| , iyl
£(x) 1= L*%i i x € 100, 55),

2+ 31,.40(X) otherwise,

for fixedy = (4,....¥) € [0, 2s), withy := 3%y and s:i= 3\, 5.

Proof By (17) and considerations above, we have to show thaFtirgegrable
function f; is admissible for (8), i.e. that for everye x.,[0, +c0) we have that
Yty T(X) = Lsie)(Xitg Xi). Sincef is non-negative, we fix with 31, x; > s

and show thag! f;(xi) > 1. It will be useful to divide the proof in two steps.

Step 1: Suppose thak; € H‘szl[ o 7) i ¢ N and define the sefls := {i

> n-1

Z‘,‘Zl xij <y} 1 :=N\I. Then, we have

which, by definition ofl, leads to

ZZX, >s Zix’zs—|T|y.

iel j=1 el J=1

Hence, we can write

[Z] 1X| 7] Ziel Z:I'(:lxij _|||7
Zf(x)‘Z = e
s— Iy -y
Z—:
s—ny

Step 2: Suppose thaxij > % > vl for some € N andj € K. Assume also that
X' < yI' for somej’ # j. In this casef (x) = 1/2. If x; does notlie in[T{_,[0, =)
for some’ # i, then}. f(x) > 1/2+1/2 = 1. If, insteadx; € H'j‘ 1[0, Sﬂj) for
alli” #1, we have

iﬁ=2&+&<2§_w+ﬂ:i
i=1

i’ #i i’ #i

which is contrary to our assumptlon Finally, conS|der theecwhere there exists

i € N such thatx] ‘7 for somej e K with xI > yV for all j’ # j. In this
particular cas@i"zlf (x) > f(x) =

12



Admissibility of f; follows from the arbitrariness of € x;_,[0, +c0). O

Remark 15 Remark 13(i) holds analogously for this theorem. For & 2 the
function fj(l - 1HJK=1[0’SJ-_YJ-) + 1H1_k=1[yj’sj_yj)) improves the function;f We consider
this in Figure 4.

In the univariate-marginal case there isadural choice of the linear function yield-
ing the so-calledlual bound see Embrechts and Puccetti [4, Th. 4.2]. In the mul-
tivariate setting, instead, that choice is not straightéod. Of course, iff andg
are two dual choices for (7) (resp. (8)) with> (<) ¢, thenf will provide a better
lower (upper) bound om,(s) (M, (s)) for all possible sets of fixed marginals and
non-negative vectors On the contrary, iff andg are not ordered in such a way,
then it is possible to find a distribution functid@h for which eitherg provides a
better bound thaif or viceversa. For instance, consider the following funttio

kK oi _F
g,(X) := min{m,l}. (21)

s—ny

It follows easily from Step 1, thag; is a dual choice for (8). Sincg, does not
include any standard dual choice as a particular case, ifaildg improve the cor-
responding bound (12). However, it turns out thiayields a bound which is better
than (20) in many cases of interest. Note also that Remarkiil3iolds for g;,.
Whenever several dual choices are available, an overaéridebund is produced
by taking the pointwise minimufmaximum among the corresponding bounds. We
will follow this methodology in Section 6. An end-user warmlgiwith some partic-
ular fixed marginal distribution functions may find it usefolconstruct arad-hoc
admissible choice yielding a very good bound within the gpecontext.

6 Applications

In this section, we illustrate the bounds provided by Themwd 2 and 14 within
a financiglinsurance risk management context. Random vectors wilebared
to as portfolios, the individual random sub-vectors assiidkle consider portfo-
lios of identically distributed, non-negative risks. Asdtkmarginals, we choose
two bivariate distribution functions of actuarial and ficaal interest. The first one
is the bivariate Pareto whose tail functionF,, 8 > 0 is defined in Nelsen [12,
Ex. 2.14]. The second one, which we daiNariate Log-Normalis the product of
two univariate Log-Normal distribution functions with paneters 4, o2). In the
following, except as stated otherwise, we take 0.9, = —0.2 ando? = 1.

In Figure 3, we give standard and dual bound®pA, X; < (s, s)] for portfolios
consisting of two and three bivariate risks. We stress tastandard bound (11)

13



Bivariate Pareto

Bivariate Log—Normal

o8,

0.6

0.4

0.2

0.8

0.6

0.4

— — — comonotonicity
standard bound = worst-case
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- - - comonolonlcny
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S

15 20
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0.4r

021

0.81

0.6y
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dual bound
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100
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standard bound|

— — — comonotonicity |

10

15

20

Fig. 3. Range fo?[},}, X; < (s, s)] for two and three risks identically distributed as a
bivariate Pareto or bivariate Log-Normal distribution étion. Together with the comono-
tonic situation, we represent the standard bound (11) anduhl bound (18).

cannot be improved whem = 2. On the contrary, when = 3, the dual bound
provided in (18) is strictly better than the standard boutid for all non-negative
thresholdss. Figure 4 illustrates the analogous boundsHpY,!; X; > (s, s)]. We
refer to thedual bound on M(s) as the pointwise minimum between the two bounds
provided by (20) and by the admissible choice given in (2DbteNhat the standard
bound (12) is improved also for the sum of two risks. In thetplo follow, the
comonotonic scenaris the case in whiclR[X; = X4,i € N] = 1.

6.1 Multivariate Value-at-Risk

An important issue for a risk manager concerning a risky tposiX is to deter-
mine the maximum aggregate loss which can occur with somengwvobability
a. For portfolios of univariate risks, Value-at-Risk, e.getr-quantile of the loss
distribution function, serves this purpose.

Definition 16 For a € [0, 1], the Value-at-Riskat probability levelr for a random
variable Y is itse-quantile, defined as

VaR,(Y) ;= inf{xe R : G(X) > a},

14



n=2 n=3

standard bound|
dual bound dual bound
0.8 — — — comonotonicity | | 0.8} — — — comonotonicity |

standard bound|

Bivariate Pareto

standard bound| standard bound|
dual bound dual bound
0.8 — — — comonotonicity | | 0.8l — — — comonotonicity | {

0.6

0.4

0.2

Bivariate Log—Normal

5 10 15 20

Fig. 4. Range fo?[},, X; > (s, s)] for two and three risks identically distributed as a
bivariate Pareto or bivariate Log-Normal distribution étion. Together with the comono-
tonic situation, we represent the standard bound (12) anduhbl bound oM (s).

where G is the distribution function of Y.

If G is strictly increasing, VaRRY) is the unique thresholtdat whichG(t) = a.
With univariate marginalsr,n.;l(a) is the largest VaRw(X)) over §(Fy, ..., Fy).
With multivariate marginals, Definition 16 does not makessesince, even for a
continuous distribution functio®, there are possibly infinitely many vectars R¥
at whichG(s) = . Moreover, we may ask which events regardi{®) should be
relevant for risk management.

Once the multivariate marginals of a portfolio are fixednira risk management
viewpoint, one should be interested in bounding from abbegtobability that the
aggregate loss amount will exceed some given threshold poéty subgroups,
i.e.P[y(X)! > 5, j € K]. Moreover, the probability that none of the aggregate loss
position for each subgroup will exceed a given threshoddP[(X)! < s, j € K],
should be bounded from below. Problems (1) and (2) are gxtdmtimathematical
reformulation of these two tasks.

An intuitive and immediate measure of the risk involved in altidariate loss dis-

tribution functionG is represented by its-level sets. Considering also thelevel
sets of the tails leads to the following definition.

15



Definition 17 For a € [0, 1], the multivariate lower-orthant (LO-) Value-at-Risk
at probability levelr for a increasing function G R — I is the boundary of its
a-level set, defined as

VaR (G) : = d{x € R*: G(X) > a}.

Analogously, thenultivariate upper-orthant (UO-) Value-at-Risk at protiigplevel
« for a decreasing functio® : R — I is defined as

VaR,(G): = d{x e R*: G(X) < 1 - a}.

If G is a distribution function, o6 is a tail function, we speak abou#lue-at-Risls
for the associated random vectors.

The a-VaRs form, and M, provide conservative estimates of the/aRs for the
aggregate losg(X). In fact, if x; € VaR (m,) andx; € VaR,(M.), we have that

P[y(X) < 5] > a for everys > xq,
P[y(X) > 5] <1 - a for everys > x.

We refer to VaR(m,) andVaR,(M,) as theworst-possiblé/alue-at-Risks for the
risky positiony(X). When it is not possible to compute, and M,, exactly, the
a-VaRs for the corresponding dual bounds still provide coretése estimates, as
stated in (5) and (6).

In Figure 5, we show worst-possible LO-VaRs for the sum of Reweto and Log-
Normal bivariate risks, while, in Figure 6, we provide UOR#&for the dual bound
on M, in case of portfolios of three risks.

An advantage of our approach is that every dual bound candig eamputed for
large values oh; see Figure 7.
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Fig. 5. Worst-possible LO-VaRs for the sum of two bivariated?o ¢ = 1.2 for the dotted
line) (left) and bivariate Log-Normal (right) distributetsks.
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Fig. 6. UO-VaRs for the dual bound dv,, for the sum of three bivariate Pare@ £ 1.2
for the dotted line) (left) and bivariate Log-Normal (rigldistributed risks.

Fig. 7. Range foP[Y>, X < (s 9)] (left) and P[3> , Xi > (s, 9)] (right) for a bivariate
Log-Normal portfolio.

7 Conclusions

Embrechts and Puccetti [4] propose a dual approach for thielgm of determin-
ing bounds for functions of dependent risks having fixed amate marginals. In
this paper we give an extension of all results containedendtter article to mul-
tivariate marginals. Correcting a result in Li et al. [8], state so-called standard
bounds for general functions of the underlying random vscand give improved
dual bounds for the sum of non-negative, identically disiied risks. We also de-
rive an optimal coupling in the case of marginals which ardéonmly distributed
on thek-dimensional hypercube. Finally, we provide some actuand financial
applications, including a new definition of multivariatelMe-at-Risk.
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A Proof of Theorem 10

Recall from Example 7 that X is uniformly distributed ori* so is (L — X). Then,
for se [k k+ 1]€it is possible to write:

[ k+1

M.(9) = SUD{P Do Xiz sl X - U(Hk)}
Li=1
[ k+1
= sup{P Z(l - Xj) <(k+1)1- S] c X - U(I[k)}
Li=1

[ k+1
- sup{P DX (k+ 1)1 - s] L X - U(]I")}.
Li=1

Hence, to prove the theorem, itfBues to show that, fas € (0, 1]%,

{ [k+l ) } IIJ .S
sup ZX|<S Xi ~ U(I)

Define the setd\ := {x € I¥ : Z, 1% < 1), A== I\ A and the function
F K> IK

X otherwise,

F(x)::{XT+b if x e Ag

whereb := (s},0,...,0) and

-1 £0...0
-5 05...0
. £ 00... 0
st &«
-5 00... &
£ 00...0

We further denotd&©(x) := x, FO(x) := F o F™3I(x),r > 1. There are several
facts abouf that we will need in the following.

18



Fact 1: |det(T)| = 1. Adding to the first column of thei-th column, 2< i <
k, multiplied byﬁgl— and exchanging the first and the last column of the matrix so
obtained, we obtain the matrix

@G| 9

o gs &
T = dlag(;,?,...,@,—

which satisfiesdet(T)| = |det(T’)| = 1.
Fact 2: F(A) = A«. For everyx € A, we have that

K k k
F(x)! 1 st 1¢ ., , X
Z S g(sl—ng +Z§FX —1—gS1,
j=1 r=1 r=2
Ky
l— — J—
F@)_S{l zzg]za
_r=1
. j
Fol =Xt >02< <k

implying that F(A,) c A«. Moreover, for anyy € Ay, there is a unique vector
Xy := (y — b)T~* with coordinates

H>0,j=1,...k-1x

< x

I

0
—_—

[HEN

|
2|
N—

A%

o

i _
Xy - Sj+1y

which satisfies=(x,) = y and

implying also that-(Ay) D Ax.
Fact 3: Y ,FO(x) = s, for everyx e A,. First, note that fox € A,

s g1

S g2 0

Lo s :
FO(x)) = @F(J—l)(X)J—l _

|

Il

|

T
o)

X
N—’

-

|

@,
—
=

|
[~
| %

If 0 <i< j <Kk, we have instead

—
iip(i—a(x)j—Z
s-1si-2

- (A.2)

F(x)!™+t = & i
si-it

. . s . -
F(')(X)J — F|:(I 1)(X)J 1_
sl
T gt
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We prove now by induction that for every= 2, ..., k we have that

k—j+2

FO(x)! = st 2<j<i. (A.3)

g+’ e =1 =
Equation (A.3) is true for = 2. In fact,

S F(X)! FO)! 1S o X<
S R e

r=1

Then, assume that (A.3) holds witk: | < k. Note that

s ¢
§-1g-2

s

F(D(X)r _ %F(f—l)(x)r—l i (e 2(x)'2 = EF(T—Hl)(X)l’

whenr =1,...,j-1.Since 2< | - r + 1 < |, and using the induction hypothesis,
we conclude that
g Xk—]+r —1+2 Xk—jA+r+1 .
FOx) = —=S'————=—— foralll<r<j-1
S gJ+r=1+2 gk-J4r+l

Now we can prove (A.3) by showing that

F(J+1) 1 K EGD(x)
P!y Z ) _

ROy FOm) & iy
1-3 - -2

s j - s
r=1 S r—j+1
-1 k—]+r+1 Xr i Xk—]+1
=1- Sk j+r+1 -1+ Z Z
+r+
r=1 r= j+l

Finally, we use (A.1), (A.2) and (A.3) to show that

k -1 k
Z FOX) = xi + Z FOX) + FOx) + Z FO(x)!
r=0 r=1 r=j+1

=x + Z sJ - (1 Zk: Xgr] + er] gF(r‘j*l)(x)1
=x + Z sJ -

forall j € K andx € Ax.

Xk—r+]+1

X i — gl
ZS I

r=j+1

Now we are ready to prove the theorem using the usoigbling-dualapproach. Let
X, be uniformly distributed ori* and denote with: the corresponding measure.
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F(X4) is still uniformly distributed. In fact, for any fixed BoraletB in I¥, and

recalling that~ andF  are one-to-one, it is true that

pF[B] :=plx € I F(x) € Bl = uF[BN A] + 1" [BNA]

— A.4
= uFH (BN AJ] +uF (BN AJ]. A9

SinceF (BN A) c AcandF~1(Bn A) c Ay, (A.4) gives

pF[B] = u[F (BN A)] +u[Id(BN AJ = u[F (BN A)] +u[BNA].  (A5)

Fa(y) is an dfine transformation of the forrgT~* — bT~* with |det(T™)| =
(detT)™ = 1. By Billingsley [1, pp.172-173] we have thafF (B N AJ] =
u[Bn AJand hence, from (A.5), that"[B] = u[(BN A)] + u[BN AJ] = u[B]. We
conclude thaF("(X;) -~ U(I¥) for all r > 1. Therefore, we can define the following
coupling:

XC:=FD(Xy),i=1... . k+1

SinceY X, F"(x) = sfor everyx € A,, we get, for alls € I,

k+1 j
[ZXC<S > P[XS € A] = H‘l :

i=1

We prove the opposite inequality by finding an admissibleahgielding the same
value for the corresponding dual problem:

k+1

sup{P[;Xi ss]:xi wU(]I"),lsisk+1}

- inf{(k+ 1) f fFAU : f e LXU@9) with (A.6)

k+1 k+1
PR TCO R (Z xi] forallx, e I, 1<i<k+ 1}.

i=1 i=1
As dual choice we choose the functién I - R : f(x) = [1 - Z, 1 J']+ Since
f > 0, it is sufficient to fix an arbitraryi € I such thatZ"*lxI <¢d, jekK, and
showthatZ"+1 f(x) > 1. Define the sets:={ie N: 3¥; & <1},T:=N\I. As
kel X <1, e K,we have that

179
k  k+l XIJ k+1 k le k Xij k Xij
EDIIFEDINIEEDIPIFEDIP IS
=1 i=1 i=1l j=1 iel j=1 el J=1
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SinceY g 2%, & > [1], the latter yieldS i, S% 1% < k- 1] Finally, we can write

k+1

PRIOEDRIOEDIROED IR

i=1 iel iel i€l

_|I|—ZZ—>|I|—(k—|I|)_k+1 k=1,

el j=1

which gives admissibility of . Substitutingf in (A.6), we obtain
sup{P
i=1
ko i | .
< (k+ 1)f |: Z g ®Ij(:l (dXJ)
=1
52(1—S—i> $(1-3i ) K _
o o (1_24] o, (@)
0 0 0 j=1
52(1——
=(k+ 1)f f

k+1

inss}:xin(Hk),lsisk+1}

f§<1(1 zkixf)_§‘(l Zjlsj) F‘(l ) k‘l(dxj)
0 2 0 =1
_ (k+ 1)Sk fsl fsz(l_z_i) fsk_l(l_zlj( 1- ﬁ ﬁ k—l (de)
2 o Jo o = sl Fit
o Hlj(=1 s
I
which concludes the proof. It is easy to show that the fumcti¢x) = [1 —

”;kl Z'j‘:l gj—]* is a dual choice for (A.6) for als € [0, +o0),k > 2 andn > 2. Hence
an upper bound oM, (s) is always available; see Remark 11 (ii).
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